Abstract. Tidally driven residual circulation in shallow estuaries with lateral depth variation has been studied analytically using a two-dimensional, depth-averaged model. The solution is presented for a v-shaped channel. Exchange flow is found to be correlated with the topography. The magnitude of this exchange flow depends mainly on four parameters: the ratio between the minimum depth on the shoal and the maximum depth in the channel, the ratio between the tidal amphtude at the mouth and the mean depth, the ratio between the length of the estuary and the tidal wave length, and the ratio between the tidal timescale and the decay timescale due to friction. Generally, a net landward flow occurs over the shoals and is balanced by a return flow in the channel. The along-channel residual velocity changes nearly hnearly across the estuary. The residual velocity decreases monotonically toward the head of the estuary. The transverse residual velocity is convergent in the channel and divergent on the shoals. The residual velocity is highly dependent on the length of the estuary. When the length of the estuary is much smaller than a quarter of the wave length, the residual velocity is relatively small. When the length of the estuary is about a quarter of the wave length, the magnitude of the residual velocity reaches its maximum. When the length of the estuary is much larger than a quarter of the wave length, the residual circulation approaches the pattern found in an infinite length estuary. On the basis of the analysis of the solution, we conclude that exchange flow generated by tides in a shallow estuary is the result of competition among several processes. An inward flux is caused by local nonlinearity, both in the bottom friction and from propagation of the tidal wave of finite amphtude. This inward flux is larger on the shoals and smaller in the channel owing to larger nonhnearity in the shallow water. The residual inward flow creates a setup (residual surface elevation) of water at the head of the estuary that produces a pressure gradient. This residual pressure gradient is approximately uniform across the estuary and drives an outward flow that is larger in the channel than on the shoals. In all of the parameter space the competition results in a net inflow on the shoals and a net outflow in the channel.
Introduction
The residual circulation in estuaries determines the net exchange of salt, water, and other biologically and chemically important materials [Kjerfve e! al., 1981] on timescales longer than one tidal cycle. The obvious need to understand the mechanisms controlling the residual motion has prompted considerable research. In analytic lateral flow structure [Dyer, 1977] . Although Ianniello [1977a] studied only models with rectangular cross sections, he pointed out that the assumption that the channel had a rectangular cross section was very likely the limiting factor in applying the theory to real estuaries. In recent years, increased efforts have been made to resolve the lateral structure of estuarine circulation through observations as well as through model stud- Friedrichs and Hamrick, 1996] . Differences in the results of these studies highlight the variety and complexity of mechanisms that result in residual circulation. These mechanisms include river discharge and gravitational circulation [Pritchard, 1952 [Pritchard, , 1956 [Ianniello, 1977a [Ianniello, , b, 1979 . It is likely that the particular characteristics of an estuary dictate the relative importance of these processes. The well-known theories of Pritchard [1952] and Hansen and Rattray [1965] describe estuarine circulation as freshened seawater flowing out in a near-surface layer and seawater flowing landward below. When the lateral variation of bathymetry is taken into account, the vertical stratification may be replaced, or partially replaced, by a lateral stratification along with a lateral variation of velocity field, which may show a landward flow of salt water in the deep channel and seaward flow of fresher water on the shoals. This mode of circulation was first suggested by Fischer [1972] and further explained and observed by Hamrick [1979] and Wong [1994] . However, observations do not always reveal this mode of circulation. Robinson [1960] indicated that in narrow estuaries there is often a dominant ebb channel.
By conducting drifter experiments in the lower Humber Estuary in 1961 , 1962 , and 1963 , Robinson [1965 concluded that the main axial channel of the Humber was of the ebb type, which was confirmed by the Admiralty Tidal Stream Table. Observation by Zimmerman appeared to have similar results. In a study based on 9 days of observations at North Inlet, South Carolina [Kjerfve, 1978] , the tidally averaged transverse velocity structure was also found to be the opposite of Fischer's [1972] mode. The residual flow was observed to be flood directed at all depths in shallow areas and ebb directed in the deeper areas of the same cross section. Two other similar experiments conducted at North Inlet by Kjerfve [Kjerfve and Proehl, 1979; Kjerfve, 1986] , which covered 3 and 32 tidal cycles, respectively, including both neap and spring tides, showed the same pattern of residual circulation.
The results also showed that the maximum residual varied with the amplitude of the semidiurnal tide between the spring and the neap. This indicates that the exchange flow may be tidally induced. In this paper an analytic theory is presented for the tidally driven residual circulation in a channel with lateral depth variations. All other mechanisms that can cause residual motion are excluded to clarify the role of the combined effect of the tide and the lateral depth variation. Other mechanisms of residual current generation, including baroclinic pressure gradients [Pritchard, 1952 [Pritchard, , 1956 The two-dimensional, depth-averaged, long wave equations are adopted as a model of the dynamics that is most appropriate in well-mixed estfiaries. As in all previous analytic models [Johns, 1970; Ianniello, 1977a Ianniello, , b, 1979 Hamrick, 1979; Sarabun, 1980; Parker, 1984; McCarthy, 1991; Friedrichs and Aubrey, 1994; Wong, 1994] , no tributary is included in the model and only simple lateral boundaries are chosen. As a result, the residual flow caused by promontories [Pingtee, 1978] is also excluded. In addition, the lateral friction is neglected since it has been shown to be a weak effect in most estuaries [Ianniello, 1977a] .
The model estuary is assumed to be straight, with constant width and a lateral depth variation, and to have a solid boundary at the head. A semidiurnal tide is assumed to force the circulation at the mouth. These simplifications make it possible to solve the problem analytically using a perturbation method. The solution for the tidally induced residual circulation exhibits similar characteristics to the observations of Robinson [1960, 1965] [1978, 1986] , and Kjerfve and Proehl [1979] . It contains five parameters that allow us to explore the characteristics and importance of the physical processes they represent.
Model
The model geometry ( The effect of the lateral depth variation is to make the bottom friction more significant in shallow water, resulting in a lateral shear of longitudinal velocity. A lateral pressure gradient can then be generated to drive a small lateral velocity. These effects and those resulting from the nonlinear terms in the momentum and continuity equations now appear in the higher-order equations: The solution of problems like (11) may be separated into two parts [Ianniello, 1977a] When the length of the estuary is much larger than a quarter of the wave length, the maximum residual velocities, which occur at the mouth, become independent of the length of the estuary. For length larger than a quarter of the wave length, the maximum mean sea level slightly decreases with the increase of the length before it increases again to a value larger than the maximum However, since the wind stress in deep areas had a smaller effect on the depth-integrated momentum balance than it did in the shallow areas, the pressure gradient overwhelmed the wind stress in deep areas and drove the water upwind. The induced bottom stress then acted in cooperation with the wind stress to balance the pressure gradient. Over the shoals, in contrast, the wind stress overwhelmed the pressure gradient and water moved downwind, so that the pressure gradient and bottom stress together balanced the wind stress. Of course, the magnitudes of the response depend upon the details of the geometry, but the important point, as far as we are concerned here, is that the uniform wind stress resulted in a flow with nonzero vorticity owing to depth variation.
To understand the vorticity balance, it is helpful to adopt a simple, linear drag law to model bottom fric- 
Additional Comments
The solution of section 3 does not allow the first-order tide (up, (p) to vary in amplitude and phase across the estuary. Friedrichs and Hamrick [1996] showed that the tidal current in the James River Estuary does vary across the estuary. In deep channel the velocity amplitude is larger than that over the shoals, which can be explained from the longitudinal momentum balance [Li, 1996] . The lateral variation of amplitude and phase of the first-order tide will change the Stokes (uTx), which will alter the solution. The quantitative effect cannot be assessed without resolving the lateral structure of the first-order tide. Detailed solutions are given and discussed by Li [1996] .
The value of a dynamically simple theory such as that presented in this paper is that it allows the isolation of the dominant mechanisms and reveals the consequences of their interaction on observable properties of the flow. This demonstrates how the setup created by the Stokes' transport and friction in an estuary can drive a residual gyre that is closely linked to the bathymetry. 
